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State University, AR 72467

ABSTRACT

—

Using a method adapted from few body hyperspherical techniques, an approach to the solution of the
Schroedinger equation with nonspherical potentials is discussed. The method is to spherically average
the potential over spherical angles and then solve the resulting set of coupled differential equations. A
discussion of how this method is applied to the Stark effect is presented.

INTRODUCTION

—
time

The method for obtaining the solution of the three dimensional
independent Schroedinger equation for a spherically symmetric potential
is straightforward. Itgenerally involves successively applying the method
of separation of variables until a pure radial equation is obtained. This can
be solved either analytically or numerically depending on the nature of
the potential.
The case of a nonspherical potential is more difficult. Traditional
approaches have relied primarily on perturbation theory. What is
presented here is an alternative approach adapted from few body
hyperspherical techniques. For comparison, a discussion of the
Schroedinger equation in a spherical potential is first presented. This is
followed by a presentation of the spherical averaging approach to the
Schroedinger equation in a nonspherical potential. Last, itis demonstrated
how this approach can be applied to the problem of the linear Stark

—

Effect.

—

A nonrelativistic, quantum mechanical system of two point objects
interacting through some spatial two body interaction V(rj r^ is
represented by the time independent Schroedinger equation as

—
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The coordinates rl and r2 represent the position of each particle with
respect to some arbitrarily chosen origin. Since the force of interaction
depends only on the relative position rl-r2, equation (1) can be separated
into two equations by introducing a center of mass coordinate (2) and a
relative coordinate
(2)
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and a relative coordinate

-

r = r, r 2

(3)

The two-body wave function is taken to be the product of a center of
wave function, <p(R) and a relative wave function \)(r):

mass
(4)

The resulting
(5)

*(r,,r2) = v(R) Hi).
center of mass

equation

h^V]*R)= E^R)

interaction between the two particles

V(r,-r,) = V(r) = V(i,O,<P),

(6)

reduces to an effective one-body equation

["^s + V(r)]^r)= E^r).

(7)

(8)
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<p:

V(r) = V(|r|) = V(i).

(9)

For this case, a wave function that is a product of a purely radial wave
function R(r) and a purely angular wave function Y(6,<p) is assumed:

Hr) = R{r)Y{0,<p).

(10)

Upon substituting this in eq. (8), with the potential chosen as in eq. (9),
separate equations describing

the radial and angular motion are obtained.

- -fc'kiHBOTHJB]

The angular equation takes the form

(ll)L>y(M

+ VETlw] Y^= K+WW.V).

where /(/+1) is the separation constant between the two equations and e
is called the orbital angular momentum quantum number. This angular
equation can be reduced one more time into separate equations for the 6
and <p motion by writing K(9,cp) as a product of wave functions for each of
the two angular coordinates (Arfken, 1985). Here the separation constant
is in, the a/imuthal quantum number. Once these angular equations are
solved, the product of the solutions is known as a spherical harmonic and
is indexed to indicate its dependence on the two separation constants as
Y^(G,(p). The angular momentum quantum number / takes on integer
values from zero to infinity and, for each /, the azimuthal quantum
number m takes on values from -/ to +/.
The radial equation, the only equation carrying information describing
the force between the two panicles, now takes the form
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—

Here, JJ. = m^m^im^m^ is the reduced mass and E=E tot Ecm is the
relative energy. This last equation can be simplified further by rewriting
the V1 operator in terms of a radial derivative and the angular momentum
operator L2 (Goswami, 1992) as

In order to solve equation (8), it is necessary to know the form of the
interaction V(r). The most common application is to use a "spherically
symmetric potential" that is independent of the angular coordinates 6 and

THE SCHROEDINGER EQUATION WITH
A SPHERICAL POTENTIAL

—

represents the motion of the center of mass relative to the arbitrary origin
and its solution is a plane wave. The relative equation, which contains the

43

43
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[-SMiCk+^+vw] *>-««•>.
The radial wave function R(t) will depend parametrically on a principal
quantum number n associated with the choice of energy E, as well as the
angular momentum quantum number / which shows up explicitly in the
radial equation. Itis appropriately indexed as

*«/«•
THE SCHROEDINGER EQUATION WITH
NONSPHERICAL POTENTIALS
In obtaining the radial equation (12) from eq. (8), it was assumed that
the potential was spherically symmetric. Ifthe potential in eq. (8), instead
of being just a function of r, has some kind of multiplicative angular
dependence as well, then the method of separation of variables described
above runs into trouble. Fortunately, in any given realistic problem, the
dominant force is usually radial in nature and any extra nonspherical
components are written as smaller terms added to it. The traditional
method for handling these types of forces is with perturbation theory
(Winter, 1986).

—

An alternative approach to standard perturbative techniques is based
on a method adapted from few body hyperspherical techniques (Frolov,
1986; Fabre De La Ripelle, 1979; Larsen, 1986; Bas, et. al. 1972). The
spherical harmonics obtained by solving eq. (11) represent a complete set
of angular basis functions for any function of 6 and (p. This means that
any function of6 and <p can be expanded in a series of these basis states
(Arfken, 1985):
(13)

,ml Y(>m,(o,vy
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mi

In addition, any function of r,0, and <p, such as \|/(r), can then be
expanded as:
(14)

K<r)=2^^

m<(r)V>, m< (M.

Although the radial functions are as yet unknown, they will in general
depend on three quantum numbers, unless some symmetry removes that
dependence, as was observed for the radial solution of eq. (12). For our
case, the quantum numbers willbe /and m (shown explicitly above) and
a principal quantum number n (not shown) which will again be
associated withthe energy.
Upon substituting eq. (14) into eq. (8) and allowing the angular
momentum operator to operate onto the spherical harmonics in the sum
as

(15)
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the Schroedinger equation becomes

This results in a slightly more complicated form for the radial equation
than was observed in eq. (12):

09)
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/

Note that when the potential becomes spherical, and eq. (18) is applied,
this equation reduces back to equation (12).
Itis clear that, even with nonspherical potentials, it is possible to
obtain a radial equation. Instead of the normal potential term, however,
the potential has been "spherically averaged" by integrating it over the
spherical angles 0 and <p. There has been a price, however. The sum in
eq. (19) represents a sum over -/'from zero to infinity and over m' from
-/' to +/'. Instead of obtaining a solution to a single equation, itis now
necessary to solve a system with an infinite number of infinitely coupled
differential equations. Each radial wave function R^ is called a "partial
wave." Each equation represented in eq. (19) relates the change of one
radial partial wave to itself and to an infinite number of other partial
waves.

To say the least, this presents an encumbrance to finding the radial
solutions. Fortunately, for many standard physical problems, the
couplings are simple and nearly all of the terms in the series are zero. In
addition, most quantum mechanical systems maintain themselves in low
angular momentum states, which means that the number of equations
examined can be limited, as well as the number of terms required out of
the infinite series. These types of approximations are frequently used in
the hyperspherical techniques (Frolov, 1986).

ANEXAMPLE:THE LINEARSTARK EFFECT
In the case of the simple hydrogen atom, an electron is assumed
move in the Coulomb potential generated by a proton

vc = JuL
r

(20)

—

(Mizushima, 1970)
(21)

—

Vext = e X•r =

dn = d(cos0)dp

and applying the orthonormality condition of the spherical harmonic
basis functions (Arfken, 1985):

(18)
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The total potential is the sum of eq. (20) and eq. (21), a problem known
as the linear Stark Effect. Again, the traditional approach to this problem
is to solve eq. (12) for the Coulomb states and then use these states with
perturbative techniques to diagonalize Vcxt Of interest here is the
spherical averaging alternative to this approach.
For this example, eq. (19) can be written as
[-71* 1 d , 2d , /U+l)ha , -ke'l R

.

,m,= e Rlm.
—rtJ^[fY a»$Y ,m,m]*i
(m

(17)

.

where e is the magnitude of the electron charge and k = 4m-0 This force
is purely radial and the solution to eq. (12) can be obtained analytically
by a series solution (Winter, 1986). When an external electric field £ is
applied to a hydrogen atom, and the z axis is chosen to point along the
direction of the applied field, the interaction potential has the form

(22)

This equation can be simplified by multiplying on the left by the complex
conjugate of a spherical harmonic Y*^,integrating each term over the
solid angle

to

(

In this equation, the purely radial part of the potential, which is
unaffected by the integral over the differential solid angle, has been
removed from the angular averaging term.
The remaining potential term in eq. (18), involving averaging over
cos8, is easily simplified by writing it as a spherical harmonic

(23)

co'^JF^lO

and then applying the identity (Goswami, 1992)

The two Clebsch-Gordan

(CG) coefficients on the right hand side have
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values that are related to the coupling of angular momenta. The CG
coefficients have properties that willcause them to be zero for certain

values of the quantum numbers. Inparticular, the arbitrary CG coefficient
will vanish unless: 1) ml+ m2 = m3 and 2) /[ can
couple
to 4 to produce
I'1 addition, CG coefficients of the
vcctorially
form </' 0L0|/0> willvanish unless: 3) /' + L-/is an even integer.
In this case, withM=0, the first condition means that m-m' for every
one of our radial equations. The second condition, with L=l,means that
the sum in eq. (22) can only couple the /+1 state, the /state, and the 4—1
state to the change in the /state. Applying the third condition causes the
coupling of the change in the /state to its own partial wave to vanish.
Finally, the radial equation takes on the simplified form

<fxm\tim^t^m^>

(25)

4-
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te
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—

which has been adapted from few body hyperspherical techniques. This
technique, the method of spherical averaging, requires the solution of a
large set of coupled differential equations. The size of the set of
equations depends upon the strength of the potential and the highest
partial wave solution desired. For this reason, it is probably not very
competitive with standard perturbation theory, although this remains to
be tested. At the very least, this alternative method offers insight into the
few body hyperspherical method, now achieving prominence in several
fields of physics where similar approaches are becoming, in many
instances, the preferred method and, in certain cases, the only method
available (Larsen, 1986; Bas el. al., 1972).

—

E R(m
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The a and P coefficients have the interesting property that <Vm+l/n= $/m
The solution to the Stark effect still requires solving an infinite
number of equations, but at least the equation for a given partial wave
only couples to the partial wave immediately before and immediately
after it. In any case, only the lowest angular momentum states are of
interest anyway. The scheme, then, is to solve the system of equations
truncated at /=3, then at /=4, then at /=5, and so on, until the solutions
for the lower angular momentum states converge to the same values for
successive iterations. The strength of the interaction and desired accuracy
for a certain partial wave state willdetermine how many equations must
be simultaneously solved before the system can be truncated. Work is
currently under way to numerically solve these linear Stark effect
equations and willbe reported elsewhere.
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